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PREFACE 

This RAND Memorandum der ives  methods f o r  computing p r o b a b i l i t i e s  

a s soc ia t ed  with c e r t a i n  maintenance p o l i c i e s .  Theore t ica l  i n  n a t u r e ,  

i t  is  p a r t  of  RAND'S cont inuing i n t e r e s t  i n  mathematical p rope r t i e s  of 

maintenance p o l i c i e s .  The focus i s  on systems whose ope ra t ing  l i f e  i s  

r e s t r i c t e d  to  a l imi t ed  time span. This  c o n t r a s t s  with t h e  s i t u a t i o n ,  

o f t e n  considered,  o f  an  i n f i n i t e  t i m e  hor izon.  

This Memorandum i s  addressed t o  s t a t i s t i c i a n s ,  operat ions r e sea rche r s ,  

and o the r s  concerned with proper t ies  of  maintenance p o l i c i e s .  The inves- 

t i g a t i o n  i s  an outgrowth of work on checkout and maintenance opera t ions  

performed a s  a p a r t  o f  t he  Apollo Checkout System Study which RAND i s  

conducting f o r  Headquarters,  National Aeronautics and Space Administra- 

t i o n ,  under Contract  NASr-21(08). 
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This Memorandum examines time cons t r a ined  maintenance p o l i c i e s .  
r- 
4 It de r ives  t h e  p r o b a b i l i t y  t h a t  a l l  o f  a number o f  i n i t i a l l y  inopera- 

t i v e  systems w i l l  funct ion a t  a fixed time a f t e r  r e p a i r  begins.  Two 

maintenance d i s c i p l i n e s  are considered: i n  t h e  f i r s t ,  no system under- 

going r e p a i r  i s  turned on u n t i l  a l l  systems have been f i x e d ,  then a l l  

are turned on simultaneously ("deferred turn-on"); i n  t h e  second, a 

system is  turned on a s  soon as i t  i s  r epa i r ed  ("immediate turn-on"). 

I n  bo th  d i s c i p l i n e s  only one system can be i n  r e p a i r  a t  a t i m e .  It 

is a s s m e d  t h a t  f a i l u r e  times and r e p a i r  t i m e s  a r e  exponent ia l ly  d i s -  

t r i b u t e d  with kncwn parameters and t h a t  t h e s e  times a r e  t o t a l l y  inde- 

pendent. Each system i s  r epa i r ed  only once. 

An e x p l i c i t  expression f o r  t h e  optimum t i m e  t o  begin r e p a i r  is 

obtained f o r  on ly  the  s implest  case o f  one system; however, t h e  prob- 

a b i l i t y  of  a l l  systems funct ioning a t  a c e r t a i n  time is given i n  c losed 

form, so t h a t  i n  a more general  case the  optimum t i m e  can be numerically 

obtained.  

The focus o f  t h i s  Memorandum is  on systems whose ope ra t ing  l i f e  

is  r e s t r i c t e d  t o  a l imi t ed  t i m e  span. This c o n t r a s t s  with t h e  s i t u a -  

t i o n ,  o f t e n  considered,  of  an i n f i n i t e  t i m e  horizon. 
_I 
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I. INTRODUCTION 

Maintenance p o l i c i e s  f o r  systems whose t ime- to - f a i lu re  and r e p a i r  

t i m e  a r e  random v a r i a b l e s  have been i n t e n s i v e l y  s tud ied  i n  recent  

years .  (See Ref. [l] f o r  a survey.) Among the  t o p i c s  t r e a t e d  i n  t h i s  

a r e a  a r e  the  t iming of checkout, r e p a i r ,  and/or  replacement a c t i v i t i e s .  

Of ten  such times a r e  chosen to  optimize some property asymptot ical ly .  

C l e a r l y ,  r e s u l t s  t h a t  hold f o r  systems operated i n d e f i n i t e l y  need not  

hold f o r  systems operated only a f i n i t e  time o r  systems t h a t  need to  

ope ra t e  only upon demand. 

of systems whose ope ra t ing  l i f e  is  r e s t r i c t e d  t o  a l i m i t e d  time span. 

We w i l l  pay p a r t i c u l a r  a t t e n t i o n  to t h e  p r o b a b i l i t y  tha t  our systems 

a r e  working a t  the end of the period o f  i n t e r e s t .  

I n  t h i s  Memorandum we s tudy the /*Gin tenance  

I n  Sec. 11 we present  some mathematical d e t a i l s  needed as a 

background f o r  our i n v e s t i g a t i o n .  

I n  Sec. I11 we assume it known t h a t  a c e r t a i n  number of systems 

need r e p a i r ,  t ha t  only one system can be worked on a t  a t ime, t ha t  

f a i l u r e  times and r e p a i r  t i m e s  a r e  exponent ia l ly  d i s t r i b u t e d  with 

known parameters,  and tha t  these  times are t o t a l l y  independent. We 

d e r i v e  t h e  p r o b a b i l i t y  t h a t  these f a i l e d  systems a r e  a l l  working a t  a 

f ixed  f u t u r e  t i m e  f o r  two s i t u a t i o n s :  i n  the  f i r s t ,  no system under- 

going r e p a i r  i s  turned on u n t i l  a l l  systems have been f ixed ,  then a l l  

a r e  turned on simultaneously ("deferred turn-on") ; i n  t he  second, a 

system is turned on a s  soon as i t  is  repaired ("immediate turn-on"). 

Each system is  r epa i r ed  only once. 
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11. SOME MATHEMATICAL PRELIMINARIES 

I n  t h i s  s e c t i o n  w e  record some formulas and r e s u l t s  t h a t  w i l l  be 

used i n  Section 111. 

A .  The exponential d i s t r i b u t i o n  with parameter h ( h  > 0) i s  given by 

I f  a l i f e t i m e  ( r e p a i r  time) has the exponential  d i s t r i b u t i o n  with 

parameter 1, the  p r o b a b i l i t y  t h a t  t he  length of l i f e  (t ime t o  e f f e c t  

the r epa i r )  i s  a t  l e a s t  t i s  e . - A t  

B. 

d e n s i t y  functions f l ,  . . . , 
then the d e n s i t y ,  f ,  of  S is  given by 

I f  XlY . . . , X a r e  independent, non-negative random v a r i a b l e s  with 

r e s p e c t i v e l y ,  and i f  S = XI + . . . + X n ,  
n 

f n ’  

f = f * ... * f 
1 n 

* f 2  i s  the  convolution of  f and f 1 2 def ined by where f 

t 

0 
( f l  J: f 2 ) ( t )  = f l ( u ) f 2 ( t  - U) du . ( 3 )  

The convolution of more than two d e n s i t i e s  i s  def ined r ecu r s ive ly  by 

Equation ( 2 )  becomes e x p l i c i t l y ,  

( ~ ~ - ~ ~ - ~ ) f ~ ( t - u ~ )  du l** .du  du . f n - l  n -1  n 
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C .  

t i o n s  with parameters h 1’ A 2 ’  . - -  Y A n ’  r e spec t ive ly ,  t h e  dens i ty  f 

of t h e i r  sum S = X1 + ... + X 

parameters h 

If X1 , X2, . . . , X a r e  independent and have exponent ia l  d i s t r i b u -  n 

depends on t h e  r e l a t i o n s  among the  n 

i’ 

(i) If A1 = h2 - - ... = An = A ( say ) ,  then i t  i s  w e l l  known 

(e .g . ,  [2,  p. 113) t h a t  S has the  gama d i s t r i b u t i o n  with s c a l e  

parameter A and shape parameter n. That i s  

( i i )  If A l ,  h 2 ,  ..., h a r e  d i s t i n c t ,  then [ 2 ,  p. 1 7 1  n 

n -lit n 

C l i e  
i =1 

1 hj / (Aj  - ”i) Y t 2 0 

j=l  
j#i 

(7) 
, t < O  - 0 

f ( t )  = 

( i i i )  If hl  , A 2 ,  . . . , A a r e  such t h a t  n 

A = ... = A = CY1 
1 1 r 

... = h - - 
r +...+ r - 

1 m- 1 1 m - ‘r +. . .+r +1 

with the  CY. d i s t i n c t ,  each r 2 1, and r + ... + rm = n , then  
1 i 1 
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r 

f l q f  f (i-A) ! ( A - 1 )  1 
j =1 i=l A = 1  

OiA (-CYi> r i - A  -sit 
t e , t r o  

f ( t )  = (8 1 

I o  
with 

-r 
GiA(X) = - dA-’ fl ( C Y .  + x)  j 

A - 1  
j =1 dX 

, t < O  

( 9 )  

There seems to  be no convenient c losed  form f o r  @ (-CY.) i n  genera l .  

I f  each r = 1, however, equat ion (8) reduces t o  equat ion ( 7 ) ,  a s  i s  

t o  be expected. 

i R  1 

i 

Equation (8) was obtained by i n v e r t i n g  t h e  Laplace t ransform o f  * 
t h e  dens i ty  of t he  sum, not  from equat ion  ( 5 ) .  

D. If X1, X2, . . . , X a r e  independent and have exponent ia l  d i s t r i b u -  

t ions  with parameters A , A 2 ,  . . . , A 
X = min ( X  1, X 2 ,  . . . , X ) has the  exponent ia l  d i s t r i b u t i o n  with 

parameter A = A 

E .  I f  f is  t h e  p r o b a b i l i t y  d e n s i t y  func t ion  o f  system r e p a i r  time and 

G i s  t h e  system s u r v i v a l  p r o b a b i l i t y  func t ion  ( t h a t  i s ,  G(x) i s  the  

p robab i l i t y  t h a t  t ime- to - f a i lu re  exceeds x) , then t h e  p r o b a b i l i t y  P ( t )  

n 
r e s p e c t i v e l y ,  then n ’  

n 

1 n + A 2  + ... + A . 

- - 

t h a t  a system which i s  inope ra t ive  a t  

i s  opera t ing  a t  t ime t ,  i s  given by 

t 
P ( t )  = s, f(u )  E 

t i m e  zero has  been repa i red  and 

( t  - U) du . (10) 

This is assuming t h a t  t h e  r e p a i r  s t a r t s  a t  t i m e  zero and t h e  system 

i s  turned on immediately when r epa i r ed ,  and a l s o  assuming t h a t  r e p a i r  

and f a i l u r e  t i m e s  a r e  independent. 

* 
I thank Alber t  Madansky f o r  t h i s  r e s u l t .  
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111. TWO MAINTENANCE DISCIPLINES 

INTRODUCTION 

We consider  the following problem i n  t h i s  s ec t ion .  It is known 

t h a t  a c e r t a i n  number, k, of systems a r e  inopera t ive ;  t h a t  the r e p a i r  

t i m e  f o r  the  i - t h  system is a random v a r i a b l e  having exponent ia l  d i s -  

t r i b u t i o n  wi th  parameter y - t h a t  the f a i l u r e  t i m e  f o r  the i - t h  system i' 
i s  a random v a r i a b l e  having exponential  d i s t r i b u t i o n  wi th  parameter 1 

t h a t  a l l  f a i l u r e  and r e p a i r  times a r e  independent; and t h a t  the  s tanding 

f a i l u r e  r a t e  and the  turn-on s t r e s s  are zero.  

* 

i' 

W e  consider  two maintenance d i s c i p l i n e s .  I n  the f i r s t ,  no repa i red  

system i s  turned on u n t i l  a l l  systems have been r epa i r ed  and then a l l  

a r e  turned on simultaneously.  I n  the second, a system i s  turned on as 

soon as i t  i s  repa i red .  We c a l l  these d i s c i p l i n e s  "deferred turn-on" 

and "imnediate turn-on," respec t ive ly .  Of course ,  they coincide f o r  

the case o f  only one f a i l e d  system. I n  both s i t u a t i o n s ,  w e  suppose 

that only one system can be undergoing r e p a i r  a t  a t i m e .  

i s  repa i red  only once. 

Each system 

For the  models and under the  assumptions descr ibed above, w e  de- 

rive the p robab i l i t y  P( t )  t h a t  a l l  the systems a r e  opera t ing  a t  a time 

t a f t e r  the r e p a i r s  have begun. T h i s  i s  equiva len t  t o  the p robab i l i t y  

t h a t  a l l  systems w i l l  be working a t  a f ixed  t i m e  T i f  r e p a i r s  a r e  begun 

a t  time T - t. It would be des i r ab le  to  g ive  the t i m e ,  say ^t, which 

maximizes P( t )  a s  t h i s  would determine the  t ime, T - t ,  when repairs 

should begin so as  to  maximize the p r o b a b i l i t y  of  a l l  systems be ing  

ope ra t ive  a t  time T. W e  a r e  a b l e  t o  g ive  an  e x p l i c i t  formula f o r  t̂ 
only i n  the case of  one system. However, P( t )  i s  given i n  c losed form 

f o r  both maintenance d i s c i p l i n e s  considered, so t h a t  ^t can be obtained 

numerically f o r  any given s i t u a t i o n  to  any des i r ed  accuracy. 

A 

* 

* 
A c lose ly  r e l a t e d  problem i n  which optimum times are obtained i s  

discussed by Por t  C33. 
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* 
ONE SYSTEM 

The t ime- to - f a i lu re  d i s t r i b u t i o n  i s  exponent ia l  w i t h  parameter h ,  

the  r e p a i r  t i m e  d i s t r i b u t i o n  i s  exponent ia l  with parameter y, and 

t h e s e  times a r e  independent. We denote b y . P ( t )  t h e  p r o b a b i l i t y  t h a t  

a f a i l e d  system has been r epa i r ed  and is  s t i l l  o p e r a t i n g  a t  a time t 

a f t e r  repair  begins.  From equation (10) 

= -  Y ( , - A t  - e  -Yt) 
Y-X 

The va lue  t̂ which maximizes P ( t )  i s  e a s i l y  obtained by d i f f e r e n -  

t i a t i o n  of P ( t )  and i s  

,. l n y - 1 n A  
t =  

Y - A  

S u b s t i t u t i n g  (12)  i n t o  (11) y i e l d s  f o r  t h e  maximum p r o b a b i l i t y  

k SYSTEMS: DEFERRED TURN-ON 

We assume k systems a r e  inope ra t ive ,  t h a t  the r e p a i r  t i m e  d i s t r i b u -  

t i o n  of  the i - t h  system i s  exponential  w i th  parameter Y t h a t  t h e  t i m e -  

t o - f a i l u r e  d i s t r i b u t i o n  o f  t h e  i - t h  system is exponent ia l  with parameter h 
i’ 

i’ 

* 
Truelove [ 4 ]  has discussed the c a s e  f o r  a s i n g l e  system where pre- 

c i s e l y  one checkout i s  t o  be performed dur ing  a f ixed  i n t e r v a l  o f  t i m e  
p r i o r  t o  a c r i t i c a l  event.  He assumes exponent ia l ly  d i s t r i b u t e d  f a i l u r e  
t i m e s ,  and log-normally d i s t r i b u t e d  r e p a i r  t imes,  and gives t a b l e s  and 
graphs for  t h e  optimum checkout t iming when a l l  parameters a r e  k n o w ,  
and an i t e r a t i v e  min-max procedure when some o f  t h e  parameters a r e  
uncertain.  
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and that these  times a r e  t o t a l l y  independent. Only one system can be 

i n  r e p a i r  a t  any given time. 

defer red  u n t i l  each system has been r epa i r ed ,  then a l l  systems a r e  

turned on simultaneously.  L e t  P ( t )  denote t h e  p robab i l i t y  t h a t  a l l  

t he  systems have been repa i red  and a r e  a l l  s t i l l  working a t  a time t 

a f t e r  t he  r e p a i r s  have begun. 

The turn-on of  a repa i red  system i s  

The sketch below i l l u s t r a t e s  t h i s  s i t u a t i o n .  

t 0 U 

t I 
k U 

2 U 1 

r e p a i r  f i r s t  second 
begun system system 

repa i red  repa i red  

k- th  system 
repa i red  and a l l  

systems turned on 

Note t h a t  w e  can w r i t e  % = (yc - x - ~ )  + . . . + (u2 - ul) + u l ,  

and t h a t  u - u is t h e  r e p a i r  time of  t h e  i - t h  system, i = 1, ..., k ,  

wi th  t h e  convention t h a t  u = 0. Thus, by our  var ious d i s t r i b u t i o n  

and independence assumptions, t h e  dens i ty ,  f ,  o f  % is given by 

f = fl * - - -  * fk .  

equal ,  d i s t i n c t ,  o r  n e i t h e r  a l l  equal n o r  d i s t i n c t ,  t h e  form of t h e  

dens i ty  f of  \ is given by equation ( 6 ) ,  (7), o r  ( 8 )  with n = k and 

i i-1 

0 

Depending on whether t h e  parameters y a r e  a l l  i 

Ai - - yi. 

Now denote by h t h e  sum h + . . . + \. Then by t h e  cons idera t ions  1 
of  Secs.  I1.D and II.E, we have: 

( i )  i f  a l l  the  yi a r e  equal  t o  y (say)  



. 
-8- 

( i i )  i f  the  yi a r e  d i s t i n c t  

i=l j =1 
j#i 

( i i i )  i f  y l ,  ..., yk a r e  such t h a t  

- - - - ... Y r  +. . .+r 
- - 

1 m- 1 1 m Y r  +...+ r +I 

with the a. d i s t i n c t ,  each r 2 1, and r + ... + r = k, then 
1 i 1 m 

m m i - A t  (cyi-l)u -A  
r 

QiA(-ai> e i r -A+1 y e” dy . (16) 
i S, P ( t )  = CY;j 1 1 

j =1 i-1 A = l  ( i - A )  ! (1-1) ! (cyi-h) 

The i n t e g r a l s  i n  Formulas (14) and (16) can,  f o r  some parameter 

combinations, be evaluated from Pearson’s t ab le s  [Si, o r  gene ra l ly  

by us ing  the  f a c t  t h a t  f o r  p o s i t i v e  i n t e g e r s  h 

h 

e-x xh dx = h![l - e-* 1 Ai/i!] . 
i = O  U 

Depending on the combination o f  parameters appear ing  i n  equations 

(14) ,  (15),  o r  (16), P ( t )  may have one o r  s e v e r a l  r e l a t i v e  maxima. I n  

the  l a t t e r  ca se ,  one would want to  determine the  va lue ,  f ,  of t which 

y i e l d s  the l a r g e s t  of these r e l a t i v e  maxima. However, s i n c e  no system 
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i s  turned on u n t i l  a l l  systems have been r e p a i r e d ,  i t  i s  c l e a r l y  

immaterial  i n  which o r d e r  t h e  systems a r e  r epa i r ed .  

k SYSTEMS: IMMEDIATE TURN-ON 

W e  assume k systems a r e  inope ra t ive ,  t h a t  the r e p a i r  t i m e  d i s t r i b u -  

t i o n  of  t h e  i - t h  system i s  exponential  w i th  parameter y t h a t  t h e  time- 

t o - f a i l u r e  d i s t r i b u t i o n  o f  t he  i - t h  system i s  exponent ia l  with parameter 

A i ,  and t h a t  t h e s e  times a r e  t o t a l l y  independent. 

be i n  r e p a i r  a t  any given time. Each system i s  turned on a s  soon as i t  

is r epa i r ed .  L e t  P ( t )  denote t h e  p r o b a b i l i t y  t h a t  a l l  systems have been 

r epa i r ed  and a re  working a t  a time t a f t e r  t h e  r e p a i r s  have begun. 

i’ 

Only one system can 

As befo re ,  we  w i l l  e x p l o i t  the r e s u l t s  o f  Sec. I1 t o  determine 

P ( t ) .  Writing u = 0,  0 

and 

- 
- y1 

CY = yi + x1 + ... + i = 2 ,  ..., k (18) i 

%,= + . . . + h k ,  

w e  have 

-a. (u. -ui- 1) 
1 1  du Y i  e i 

... 
[2 e 

P ( t )  = p 
i=l 0 0  

or 
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where 

- c y  
f i ( t )  = ai e 

Thus P ( t )  i s  obtained (muta t i s  mutandis) from equat ion ( 6 ) ,  ( 7 ) ,  o r  

(8) according a s  t h e  cy 

nor  d i s t i n c t .  

a r e  a l l  equa l ,  d i s t i n c t ,  o r  n e i t h e r  a l l  equal 
i 

Unlike the  defer red  turn-on maintenance d i s c i p l i n e ,  h e r e  the  

o rde r  i n  which s y s t e m s  a r e  r epa i r ed  ma t t e r s .  So any opt imiza t ion  o f  

P ( t )  by appropr i a t e  choice  of  t must be  f o r  a given r e p a i r  schedule .  

We a r e  not a b l e  t o  s o l v e ,  i n  genera l ,  the  problem o f  determining t h e  

b e s t  r e p a i r  schedule.  

and h 

i s ,  i f  system 1 has the  l a r g e s t  mean r e p a i r  t i m e  and the l a r g e s t  t ime- 

t o - f a i l u r e  among the  k systems, r e p a i r  i t  f i r s t ,  e t c .  This s ta tement ,  

however, remains a con jec tu re .  

Common sense  sugges ts  t h a t  i f  y1 5 y2 5 ... 5 yk 

That 5 h2 I ... 5 hk, r e p a i r  t h e  systems i n  o r d e r  1, 2 ,  . . .  , k. 1 
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